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Abstract. We study anti-invariant and Lagrangian submersions from
trans-Sasakian manifolds onto Riemannian manifolds. We prove that
the horizontal distributions of such submersions are not integrable and
their fibers are not totally geodesic. Consequently, they cannot be totally
geodesic maps. We also check that the harmonicity of such submersions.
In particular, we show that they cannot be harmonic in the case when the
Reeb vector field is horizontal.
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1 Introduction

One of the popular research areas in differential geometry is the theory of Riemannian
submersions which was initiated by O’Neill [15] and Gray [9]. Watson [25] considered
Riemannian submersions between almost Hermitian manifolds under the name of al-
most Hermitian submersions. Afterwards, almost Hermitian submersions have been
actively studied between different subclasses of almost Hermitian manifolds. Also,
Riemannian submersions were extended to several subclasses of almost contact mani-
folds under the name of contact Riemannian submersions. Most of the studies related
to Riemannian, almost Hermitian or contact Riemannian submersions can be found
in the book [8].

The theory of anti-invariant Riemannian and Lagrangian submersions has been
becoming a very active research area since Sahin [18] first defined such submersions
from almost Hermitian manifolds onto Riemannian manifolds. In fact, anti-invariant
Riemannian and Lagrangian submersions have been studying in different kinds of
structures such as Kéhler [18, 20|, nearly Kéhler [19], almost product [11], locally
product Riemannian [22], Sasakian [13, 21, 23], Kenmotsu [5, 23] and cosymplectic
[14]. Note that the notion of anti-invariant Riemannian submersion was generalized
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to the notion of conformal anti-invariant submersion [1]. Most of the studies related
to the theory of anti-invariant Riemannian and Lagrangian submersions can be found
in Sahin’s monograph [17].

This paper is organized as follows. In section 2, we present basic notion and
definition of trans-Sasakian manifolds. In section 3, we give some background for
Riemannian submersions. In section 4, we recall the definition of anti-invariant and
Lagrangian submersions. In section 5, we study anti-invariant submersions from trans-
Sasakian manifolds onto Riemannian manifolds admitting vertical Reeb vector field,
provide an example and give their some characteristic properties. The case of the Reeb
vector field is horizontal is discussed in section 6. In section 7, we consider Lagrangian
submersions admitting vertical Reeb vector field and investigate the geometry of the
vertical and horizontal distributions. We also give a necessary and sufficient condition
for such submersions to be harmonic. Similar studies for Lagrangian submersions
admitting horizontal Reeb vector field are placed in the last section.

2 Trans-Sasakian manifolds

Let (M,g) be a (2m + 1)-dimensional Riemannian manifold. Then M is called an
almost contact metric manifold [3] if there exists a tensor ¢ of type (1,1) and global
vector field £ which is called the Reeb vector field or the characteristic vector field
such that, if 77 is the dual 1-form of &, then we have

(21)  pt=0,n) =1, 9> =-I+n®¢E g(eE,oF) = g(E,F) —n(E)n(F) ,

where F and F' are any vector fields on M. Also, it can be deduced from the above
axioms that nop=0 and n(E)=g(F,&). In this case, (p,&,n,g) is called the
almost contact metric structure of M.

An almost contact metric structure (p,&,7,g) on a connected manifold M is called
trans-Sasakian manifold [16] if (M x R, J, G) belongs to the class Wy [10], where J is
the almost complex structure on M x R given by

J(E,)\%) = (pE — X¢, —n(E)%)

for all vector fields £ on M and ) is a smooth function on M x R, and G is the
product metric on M x R. This definition is equivalent to the condition [4]

(2.2) (Vep)EF' =alg(E, F)§ —n(F)E] + Blg(pE, F)§ — n(F)pE]

for functions a and § and the Levi-Civita connection V on M. Sometimes, (M, ¢, &, 1, g)
is called a trans-Sasakian manifold of type («, ). It can be deduced from (2.2) that

(2.3) Vel = —apE + B(E —n(E)¢) .
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3 Riemannian submersions

In this section, we give necessary background for Riemannian submersions.

Let (M, g) and (N, gy) be Riemannian manifolds, where dim(M) > dim(N). A
surjective mapping 7 : (M, g) — (N, gn) is called a Riemannian submersion [15] if:
(S1) The rank of 7 equals dim(N).

In this case, for each ¢ € N, 77 1(q) = 7r;1 is a k-dimensional submanifold of M
and called a fiber, where k = dim(M) — dim(N). A vector field on M is called vertical
(resp. horizontal) if it is always tangent (resp. orthogonal) to fibers. A vector field
X on M is called basic if X is horizontal and w-related to a vector field X, on IV, i.e.
y Tx(Xp) = Xyr(p) for all p € M, where m, is derivative or differential map of m. We
will denote by V and H the projections on the vertical distribution kerm,, and the
horizontal distribution kermy, respectively. As usual, the manifold (M, g) is called
total manifold and the manifold (N, gy) is called base manifold of the submersion
w:(M,g) = (N,gn).

(S2) 7. preserves the lengths of the horizontal vectors.
This condition is equivalent to say that the derivative map m, of 7, restricted to
kerml,is a linear isometry. The geometry of Riemannian submersions is characterized

by O’Neill’s tensors 7 and A, defined as follows:

(3.1) TeF = VVyeHF + HVyEeVEF,

(3.2) AgF = VVygHF + HVygVF

for any vector fields E and F' on M, where V is the Levi-Civita connection of g. It is
easy to see that Tg and Afg are skew-symmetric operators on the tangent bundle of M
reversing the vertical and the horizontal distributions. We summarize the properties

of the tensor fields 7 and A. Let V, W be vertical and X,Y be horizontal vector fields
on M, then we have

(3.3) TvW = TwV,

1
(3.4) AxY = -Ay X = ilf[X7 Y].
On the other hand, from (1) and (2), we obtain

(3.5) VvW =Ty W + ﬁvVV,
(3.6) Vv X =Ty X +HVyX,

(3.7) ViV = AxV 4 VWV,
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(3.8) VxY =HVxY 4+ AxY,

where @VW = VVyW. Moreover, if X is basic, then we have HVy X = AxV. It
is not difficult to observe that 7 acts on the fibers as the second fundamental form
while A acts on the horizontal distribution and measures of the obstruction to the
integrability of this distribution. For details on the Riemannian submersions, we refer
to O’Neill’s paper [15] and to the book [8].

Any fiber of a Riemannian submersion 7 : (M,g) — (NV,gn) is called totally
umbilical provided

(3.9) TyV =g(U,V)H, ¥V UV €T (kern.),

where H is the mean curvature vector field of the fiber in M, see [8].

4 Anti-invariant Riemannian and Lagrangian
submersions from trans-Sasakian manifolds

We first recall the definition of an anti-invariant Riemannian submersion whose total
manifold is almost contact metric manifold.

Definition 4.1. ([13]) Let M be a (2m + 1)-dimensional almost contact metric
manifold with almost contact metric structure (¢,£,7n,9) and N be a Riemannian
manifold with Riemannian metric g5. Suppose that there exists a Riemannian sub-
mersion 7 : M — N such that the vertical distribution kerm, is anti-invariant with
respect to ¢, i.e., pkerm, C kemr*l. Then the Riemannian submersion 7 is called
an anti-invariant Riemannian submersion. We shall briefly call such submersions as
anti-invariant submersions.

In this case, the horizontal distribution kerml is decomposed as
(4.1) kerrt = okerm, & u,

where p is the orthogonal complementary distribution of pkerm, in kerrt and it is
invariant with respect to ¢.

We say that an anti-invariant 7 : M — N admits vertical Reeb vector field if the
Reeb vector field £ is tangent to kerm, and it admits horizontal Reeb vector field if
the Reeb vector field £ is normal to kerm,. It is easy to see that u contains the Reeb
vector field ¢ in the case of 7 : M — N admits horizontal Reeb vector field &.

For some details of the anti-invariant submersions from an almost contact metric
manifold (M, p,&,n, g) onto a Riemannian manifold (N, gn); see [5, 13, 14, 21].

Remark 4.2. Throughout this paper, as a total manifold of an anti-invariant sub-
mersion, we consider a trans-sasakian manifold (M, ¢, &, 7, g) of type (o, 8) such that
both o # 0 and § # 0.
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The notion of Lagrangian submersion is a special case of the notion of anti-
invariant submersion. We next recall the definition of a Lagrangian submersion from
almost contact metric manifold onto a Riemannian manifold.

Definition 4.3. ([21]) Let 7 be an anti-invariant Riemannian submersion from an
almost contact metric manifold (M, ¢,£,n,g) onto a Riemannian manifold (N, gn).
If p = {0} or u = span{¢}, ie., kermi = @(kerm,) or kerm: = p(kerm)® < & >,
respectively, then we call ™ a Lagrangian submersion.

Remark 4.4. This case has been studied partially as a special case of an anti-
invariant Riemannian submersion; see [5, 13, 14, 21] for some details.

5 Anti-invariant submersions admitting vertical Reeb
vector field

In this section, we begin to study anti-invariant submersions admitting vertical Reeb
vector field from trans-sasakian manifolds (M, p,&,n,g) of type (a,3) by giving a
(non-trivial) example.

Example 5.1. Let M be a 3-dimensional Euclidean space given by

M = {(x,y,2) € R®| yz #0}.

We consider the trans-Sasakian structure (¢, &, 7, g) on M with o = —%,22 and g = —%

[7] given by the following:

5 a0 0 -1 0
528—,77=dz,g: 0 Z% 0 and ¢ = 1 0 0
o L 0 1 00 0

An orthonormal p-basis for this structure can be given by

0 0 0 0

Now, we define the map 7 : (M, p,&,n,9) — (R, g1) by the following:

m(x,y z)—x—i_y
bRl - \/i 9

where g1 is the usual metric on R. Then, the Jacobian matrix of 7 is as follows:

{ 1 1 O}

V2 V2

Since the rank of this matrix equals 1, the map 7 is a submersion. After some
calculation, we see that

E, - FE,

kerm, = span<i V =
Y { V2

; W:Ed}a
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and

Ei+FE
kermt = span{X = 1+2} .

V2
By direct calculation, we see that m satisfies the condition S2). Hence, 7 is a Rie-

mannian submersion. Moreover, we have ¢(V) = X. Therefore, 7 is an anti-invariant
submersion admitting vertical Reeb vector field.

Let 7 be an anti-invariant submersion from a trans-Sasakian manifold (M, ¢, &, 7, g)
onto a Riemannian manifold (N, gy). For any X € kerml, we write

(5.1) X = BX +CX |

where BX € T'(kerr,) and CX € T'(kermy). At first, we examine how the trans-
Sasakian structure on M has effects on the tensor fields 7 and A of the submersion
.

Lemma 5.1. Let m be an anti-invariant submersion from a trans-Sasakian mani-
fold (M, ¢,&,n,g) onto a Riemannian manifold (N, gy) admitting vertical Reeb vector
field. Then, we have

(5.2) TopV —ag(U,V)§ = BTuV —n(V)U,

(5.3) HV oV = CTuV + ViV — Bn(V)eU

(5.4) VvBX + TyCX = BHVy X + Bg(eV, X )¢

(5.5) TyBX + HVyCX =CHVy X + ¢Ty X

(5.6) AxpV = BAxV + Bg(eX, V) — Bn(V)BX

(5.7) HVY x oV +an(V)X = o(VVxV) +CAxV — Bn(V)CX
(5.8) VVxBY + AxCY =  BHVxY +ag(X,Y)¢

+B9(pX,Y)E — Bn(Y)BX

(5.9) AxBY + HVxCY = CHVxY + pAxY
where U,V € T'(kerm,) and X,Y € I'(kerm).
Proof. For any U,V € T'(kern,), from (2.2), we have
VueV = VoV +alg(U,V)E = n(V)U] + Blg(eU, V)§ = n(V)eU].
Hence, using (3.5), (3.6) and (5.1), we obtain

(5.10) HYV oV + TV = BToV +CTyV 4 oVy W
+alg(V,W)§ —n(W)V] — Bn(V)eU.
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In view of the fact that & is vertical, taking the vertical and horizontal parts of (5.10),
we get (5.2) and (5.3), respectively.

Now, let X and Y be any horizontal vector fields. Again, from (2.2), we have
VxeY = ¢VxY +alg(X,Y)§ —n(Y)X]
+Bl9(e X, Y)E = n(Y)eX].
Hence, using (3.7), (3.8) and (5.1), we obtain
(5.11) AxBY + VWxBY + HVxCY + AxCY
=BHVxY +CHVxY + pAxY + afg(X,Y){ —n(Y)X]
+Blg(p X, Y)E = n(Y)pX].

If we take the vertical and horizontal parts of (5.11) and using the fact that £ is

vertical, we easily get (5.8) and (5.9), respectively. The other assertions can be
obtained in a similar way. O

Let m be an anti-invariant submersion admitting vertical Reeb vector field from
a trans-Sasakian manifold (M, ¢, £, 7, g) onto a Riemannian manifold (N, gy). Then,
using (5.1) and the condition (S2), we derive g(m.pV,m.CX) = 0, for every X €
['(kerm.*) and V € T'(kerm,), which implies that

(5.12) TN = m.(p(kerm,))®m.(u) .
From (2.1) and (5.1), we have following Lemma.

Lemma 5.2. Let m be an anti-invariant submersion admitting vertical Reeb vector
field from a trans-Sasakian manifold (M, p,&,n, g) to a Riemannian manifold (N, gn)-
Then we have

BCX =0, eBX +C°X = -X
for any X € T'(kerm,t).

Lemma 5.3. Let m be an anti-invariant Riemannian submersion admitting verti-
cal Reeb vector field from a trans-Sasakian manifold (M, ¢,&,1,g) to a Riemannian
manifold (N, gy). Then we have

(5.13) CX = —EAXIE,
@]
(5.15) 9(Vy AxE, oU) = —g(AxE, 9 AyU) + an(U)g(AxE,Y)

+8n(U)g(AxE, pX)

(5.16) 9(X, Ay€) = —g(Y, Ax§)
for X,Y € I'(kerm,*) and U € T'(kern,).
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Proof. By virtue of (3.7) and (2.3) we have (5.13).
For X € I'(kerm,t) and U € I'(kerm,), by virtue of (3.2), (5.1)and (5.13) we get

(5.17) 9(AxE, 9U) = —g(adpX — aBX, oU)

= —ag(X,U) + an(X)n(U) — ag(¢BX,U).

Since ¢BX € I'(kerm,t) and ¢ € I'(kerm.,), (5.17) implies (5.14).
Now from (5.14) we get

9(Vy Ax§,oU) = —g(AxE, VypU)

for X,Y € I'(kerm.t) and U € I'(kerm.). Then using geodesic condition and (2.2)
we have

9(Vy AxE, oU) = —g(AxE, pAyU) — g(AxE, o(VVy U))

+an(U)g(AxE,Y) + Bn(U)g(AxE, pX).

Since p(VVyU) € I'(pkerm,) = ['(kerm.t), we obtain (5.15). Using the skew-
symmetricness of A4 and (3.4), we obtain directly (5.16). O

6  Anti-invariant submersions admitting horizontal
Reeb vector field

In this section, we begin to study anti-invariant submersions admitting horizonal
Reeb vector field from trans-sasakian manifolds (M, ¢, &, n, g) of type («, 8) by giving
a (non-trivial) example.

Example 6.1. Let R’ be five-dimensional Euclidean space given by
R = {(z,y,2,u,0) € R | (a,y) # (0,0), (u,v) # (0,0) and z # 0}.
The vector fields
By =2-Z +y&), B2 =22, B3 =2, Es =2(-& +v&), Bs =2& .

are linearly independent at each point of R. T hen, we can choose a trans-Sasakian
structure (p,&,7,9) on R’ such as E=F;3, n= %dz, g is defined by g(E;, E;) = &}
and ¢ is defined by as follows:

wby = Ey, oFy = —Ey, 9E3 =0, oFEy = E5, pE5 = —Fy .
Indeed, (¢,&,n, g) is a trans-Sasakian structure on R’ with a = —1 and B =1, see [6].

Now, we consider the map 7 : (@5, ©0,&,1m,9) — (R3, g3) defined by the following:

r—Y u—v
7T(357y,Z7U7U) = W? \/§ , % 9
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where g3 is the Euclidean metric on R3. Then, the Jacobian matrix of 7 is as follows:

1 1

% —5 0 0 0
00%—%0
o o o0 0 1

Since the rank of this matrix is equal to 3, the map 7 is a submersion. One can see
that 7 satisfies the condition S2). Therefore, 7 is a Riemannian submersion. After
some computations, we have

E,+E, W_E4+E5

kerm, = span{V = 7z NG} } ,

and

E,—-FE E,—FE
kerﬂ'j:span{X: ! 2 y=24 5, f}.

vz
In addition, we have (V) = —X and o(W) = —Y. Hence, we see that 7 is an
anti-invariant submersion admitting horizontal Reeb vector field.

Lemma 6.1. Let m be an anti-invariant submersion from a trans-Sasakian manifold
(M, p,&,m,9) onto a Riemannian manifold (N, gx) admitting horizontal Reeb vector
field. Then, we have

(6.1) ToeV =BTyV,
(6.2) HV eV — ag(U,V)E=CTyV + ViV,
(6.3) VvBX + TyCX = BHVy X — an(X)V,

(6.4) TvBX +HVyCX =CHVyX + ¢Tv X + Bg(eV, X)E — Bn(X)pV

(6.5) AxpV = BAxV,

(6.6) HVxoV = p(VVxV) +CAxV + Bg(pX, V)¢,
(6.7) VVxBY + AxCY = BHVxY — fn(Y)BX ,

(6.8) AxBY + HVXCY = CHVxY +pAxY +ag(X,Y)¢

—an(Y)X — Bn(Y)CX
where U,V € T'(kerm,) and X,Y € I'(kermy).

Proof. The proof is very similar to the proof of Lemma 5.1. So, we omit it. O
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Using (5.1), we have p = ou & {£}.
Now, we suppose that V is vertical and X is horizontal vector field. Using above
relation and (2.2), we obtain

9(pV,CX) = 0.
From this last relation we have g(m.pV, m.CX) = 0 which implies that
(6.9) TN = m.(pkerm,) ® m. ().

From (2.2) and (5.1) we obtain following Lemma.

Lemma 6.2. Let w be an anti-invariant submersion admitting horizontal Reeb vector
field from a trans-Sasakian manifold M (p,€&,n, g) to a Riemannian manifold (N, gn).
Then we have

BCX =0, 02X = pBX +C?X
for any X € T'(kerm,t).

Lemma 6.3. Let m be an anti-invariant Riemannian submersion admitting horizon-
tal Reeb wvector field from a trans-Sasakian manifold M(p,&,1n,9) to a Riemannian
manifold (N, gy). Then we have

(6.10) BX =~ Axé,

(6.11) Tué = U,

(6.12) 9(AxE, oU) =0,

(6.13) 9(Vy AxE oU) = —g(AxE, pAyU),
(6.14) 9(VxCY, oU) = —g(CY, pAxU)

for X, Y € T'(kerm,t) and U € T'(kerm,).

Proof. By the virtue of (3.8), (2.3) and (5.1) we have (6.10). Using (3.6) and (2.3),
we obtain (6.11). Since Ax¢ is vertical and U is horizontal for X € I'(kerm,t) and
U € T'(kerm,), we have (6.12). Now using (6.12) we get

9(Vy Ax€,9oU) = —g(AxE, VyeU)
for X,Y € I'(kerm,*) and U € I'(kerm,). Then using (3.7) and (2.2) we have
9(Vy Ax& oU) = —g(Ax& 0 AYU) — g(AxE, o(VVyU))

Since p(VVyU) € I'(kerm,t), we obtain (6.13).
From (4.1) we get

g(CY,oU) =0
0=g(VxCY,oU)+ g(CY,VxpU)
= g(VxCY,pU) + g(CY,pVxU)

9(VxCY,oU) = g(CY, p(AxU)).
Hence we obtain (6.14). O
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7 Lagrangian submersions admitting vertical Reeb
vector field from trans-Sasakian manifolds

In this section, we shall study the integrability and totally geodesicness of the horizon-
tal distribution of Lagrangian submersions admitting vertical Reeb vector field from
trans-Sasakian manifolds. We first investigate the behavior of the O’Neill’s tensor T
of such a submersion. From Lemma 6.1, we obtain the following results.

Corollary 7.1. Let 7 be a Lagrangian submersion admitting vertical Reeb vector field
from a trans-Sasakian manifold (M, p,&,n,g) onto a Riemannian manifold (N, gy)-
Then, we have

(7.1) ToeV —ag(U,V)§ =TV —n(V)U,
(7.2) TveX =¢Tv X,

(7.3) TvE=—apV,

(7.4) TeX = —apX,

for U,V € T'(kerm,) and X,Y € I'(kerri).

Proof. For a Lagrangian submersion, we have CX = 0 for any X € I'(kerm;). Thus,
the assertions (7.1) and (7.2) follows from (5.2) and (5.5), respectively. (7.3) follows
from (2.3) and (3.5). The last assertion comes from (7.3). O

Remark 7.1. It is known from [24] that the fibers of a Riemannian submersion are
totally geodesic if and only if the O’Neill’s tensor 7 vanishes.

From Corollary 7.1, we see that the O’Neill’s tensor 7 cannot vanish. Thus, in
view of Remark 7.1, we immediately get the following result.

Theorem 7.2. Let w be a Lagrangian submersion admitting vertical Reeb vector field
from a trans-Sasakian manifold (M, p,&,n,g) onto a Riemannian manifold (N, gy).
Then, the fibers of m cannot be totally geodesic.

Next, we give some results about the behaviour of the O’Neill’s tensor A of such
a submersion.

Corollary 7.3. Let 7 be a Lagrangian submersion admitting vertical Reeb vector field
from a trans-Sasakian manifold (M, p,&,n,g) onto a Riemannian manifold (N, gy).
Then, we have

(7.5) Ax eV = AxV — Bn(V)pX

for V € T(kern,) and X € I'(kerm}).
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Proof. The assertions (7.5) and (7.6) follows from (5.6) and (5.10), respectively. The
last assertion follows from (2.3) and (3.7). O

Remark 7.2. For a Riemannian submersion, the integrability and totally geodesic-
ness of the horizontal distribution are equivalent to each other. This fact can be seen
from (3.4) and (3.8). In this case, the O’Neill’s tensor A vanishes.

One can see that the O’Neill’s tensor A cannot vanish for a such submersion from
(7.7). Thus, we get the following result.

Theorem 7.4. Let w be a Lagrangian submersion admitting vertical Reeb vector field
from a trans-Sasakian manifold (M, p,&,m,g) onto a Riemannian manifold (N, gy)-
Then, the horizontal distribution of ™ cannot be integrable.

Remark 7.3. A smooth map 7 : (M, g) — (N, gy) between Riemannian manifolds is
called a totally geodesic map if m, preserves parallel translation. Vilms [24] classified
totally geodesic Riemannian submersions and proved that a Riemannian submersion
7w (M, g) — (N, gy) is totally geodesic if and only if both O’Neill’s tensors 7 and A
vanish.

Thus, in view of Remark 7.3 from Theorem 7.2 or Theorem 7.4, it follows that the
following result.

Theorem 7.5. Let w be a Lagrangian submersion admitting vertical Reeb vector field
from a trans-Sasakian manifold (M, p,€&,m,g) onto a Riemannian manifold (N, gy).
Then, the submersion ™ cannot be a totally geodesic map.

Lastly, we give a necessary and sufficient condition for such submersions to be
harmonic.

Theorem 7.6. Let w be a Lagrangian submersion admitting vertical Reeb vector field
from a trans-Sasakian manifold (M, p,&,m,g) onto a Riemannian manifold (N, gy)-
Then 7 is harmonic if and only if tracepTy |kern, = 0 for V. € T(kerm.), where
OTv |kern, is the restriction of Ty to kerm,.

Proof. From [12], we know that 7 is harmonic if and only if 7 has minimal fibers.
Let {e1,...,ex, &} be an orthonormal frame of kerm,. Thus 7 is harmonic if and only
k

if 27;1:61' + T¢& = 0. Since T¢€ = 0, it follows that 7 is harmonic if and only if

i=1
k k

E Te,ei = 0. Now, we calculate E Te,ei. By orthonormal expansion, we can write
i=1 i=1

k k k
D Teei =YY g(Teeirpe)pe;
1=1

i=1j=1

where {geq, ..., pey} is an orthonormal frame of pkern,. Since T, is skew-symmetric,

we obtain
k

k
Y Teei==Y 9(Tepejei)pe; .
=1

ij=1
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Here, from (7.1), we know

Tespej = ¢Te.ej + aglei, e;)€ —nlej)ei .

Thus, we get
k k
Z’Teiei = Z g((p,]:iiej’ei)cpej >
i=1 i,j=1

since both n(e;) = 0 and 7n(e;) = 0. Using (3.3), we arrive

k k
(7.8) Z,Te,-ei =- Z 9(¢Te e ei)pe; .
i=1 ij=1

Since, ey, ..., peg are linearly independent, from (7.8), we see that

k k
(7.9) d Teei=0& Y g(¢Teeje) =0 .
i=1 i,j=1
It easy to see that,
k k
(7.10) > g(eTe eie) =06 > g(eTveie) =0
i,j=1 i=1

for any V' € I'(kerm,). On the other hand,

k
TraceoTv |kern, = Zg(tpTvem ei) +9(Tvé, )
i=1

and by (2.1) and (7.3),

k
(7.11) TraceoTv|kern, = ZQ(WTV%%) :

i=1
Thus, by (7.9)~(7.11), the assertion follows. O

Corollary 7.7. Let 7 be a Lagrangian submersion admitting vertical Reeb vector field
from a trans-Sasakian manifold (M, ,&,n,g) onto a Riemannian manifold (N, gy).
Then, for any U € T'(kerm,), we have

(7.12) 9(VeD)uU,€) = 2(a® — 57).
Proof. Let U € T'(kerm,) such that [|[U|| = 1. Then, we have
(7.13) K(&U) = g((VeT)uU, &) + [ AU|1* — ([ Toél®

from the equation {3} of Corollay 1 of [15], where K (&, V) is the sectional curvature
of the plane section spanned by ¢ and U. Here, by using (7.3) and (7.7), we get
| Tu€||? = o and || AcU||? = B2, respectively. Thus, the right hand side of (7.13) is
equal to g((VeT)uU, &) 4+ B2 — a?. On the other hand, by using the eq. (2.15) of [2],
we calculate K (&,U) = o — 32. Thus, the assertion follows from (7.13). O
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8 Lagrangian submersions admitting horizontal Reeb
vector field from trans-Sasakian manifolds

In this section, we study Lagrangian submersions admitting horizontal Reeb vector
field from trans-Sasakian manifolds onto Riemannian manifolds.

From Lemma 5.1, we obtain the following result.

Corollary 8.1. Let w be a Lagrangian submersion admitting horizontal Reeb vec-
tor field from a trans-Sasakian manifold (M, ¢,&,7n,g) onto a Riemannian manifold
(N, gxn). Then, we have

(8.1) ToeV = ¢ToV,
(8.2) TveX — Ty X = Bg(pV, X)§ — Bn(X)eV,
(8.3) TvéE =BV,

for U,V € T'(kerm,) and X € T'(kerr}).

Proof. Assertions (8.1) and (8.2) follows from (6.1) and (6.4), respectively. The last
assertion (8.3) follows from (2.3) and (3.6) or directly (6.11). O

From (8.3), we see that the O’Neill’s tensor 7 cannot vanish, so we have the
following result.

Theorem 8.2. Let m be a Lagrangian submersion admitting horizonal Reeb wvec-
tor field from a trans-Sasakian manifold (M,¢,&,7n,g) onto a Riemannian manifold
(N,gn). Then, the fibers of ™ cannot be totally geodesic.

Corollary 8.3. Let w be a Lagrangian submersion admitting horizontal Reeb vec-
tor field from a trans-Sasakian manifold (M, ¢,£,7n,9) onto a Riemannian manifold
(N, gn). Then, we have

(8.4) AxoV = oAV,

(8.5) AxBY = 9 AxY +ag(X,Y)HE —an(Y)X,
(8.6) AV = —apV .

(8.7) AX = —apX .

for Ve T(kerm,) and X,Y € I'(kermy).

Proof. Assertions (8.4) and (8.5) follows from (6.5) and (6.8), respectively. Third
assertion (8.6) follows from (2.3) and (3.7). The last one comes from (8.7). O
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From (8.4) and (8.5), it is easily seen that the O’Neill’s tensor A cannot vanish.
Thus, by Remark 7.2, we have the following result.

Theorem 8.4. Let m be a Lagrangian submersion admitting horizonal Reeb wvec-
tor field from a trans-Sasakian manifold (M, ¢,&,n,g) onto a Riemannian manifold
(N, gn). Then, the horizontal distribution of m cannot be integrable.

In view of Remark 7.3 from Theorem 8.2 or Theorem 8.4, we get the following
result.

Theorem 8.5. Let m be a Lagrangian submersion admitting horizontal Reeb vec-
tor field from a trans-Sasakian manifold (M, ¢,&,n,g) onto a Riemannian manifold
(N, gn). Then, the submersion ® cannot be a totally geodesic map.

Finally, we give a result concerning the harmonicity of such submersions.

Theorem 8.6. Let m be a Lagrangian submersion admitting horizontal Reeb wvec-
tor field from a trans-Sasakian manifold (M,¢,£,7n,g) onto a Riemannian manifold
(N,gn). Then m cannot be harmonic.

Proof. Let {eq,...,ex} be an orthonormal frame of kerm,. Then {wey, ..., per, &} be
an orthonormal frame of kermy. Hence, we have

k k

S Tei= 3 {alThcnpes)oe; + o(Ten o}
i=1 ij=1
Using the skew-symmetricness of 7., and (8.1), we obtain
k k
Zﬁiei = - Z {g((pﬁiej,ei)goej - g(nbgael)f} .
i=1 ij=1

By (3.3) and (8.3), we get

k

k k
Do Teei=— Y g(@Te,ene)pe; — Y Byles e)é .
=1

ij=1 i=1

Upon straightforward calculation, we find

k k
(8.8) Y Teei=—> g(oTe eirei)pe; — kB .
i=1 i,j=1

k
Now, we assume that 7 is harmonic. Then 27;7 e; = 0. From (8.8), it follows that
i=1

k
1
£ = i Z 9(¢Te;ei,€:)pej. Which is a contradiction, since {per, ..., pex, &} are
i,j=1

linearly independent. O
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Corollary 8.7. Let m be a Lagrangian submersion admitting horizontal Reeb vec-
tor field from a trans-Sasakian manifold (M, @,&,m,g) onto a Riemannian manifold
(N,gn). Then, for any U € T'(kern.), we have

(3.9) G(VeT)sU,€) = 0.
Proof. Let U € I'(kerm,) such that [|[U|| = 1. Then, we have
(8.10) K(§,U) = g((VeT)vU. &) + AU |? — [ Tugl

from the equation {3} of Corollary 1 of [15], where K (£, V) is the sectional curvature
of the plane section spanned by ¢ and U. Here, by using (8.3) and (8.6), we get
| To€l|? = B2 and || AcU||? = a?, respectively. Thus, the right hand side of (8.10) is
equal to g((VeT)uU, &) + o — B2. On the other hand, by using the eq. (2.15) of [2],
we calculate K (&,U) = o? — 32. Thus, the assertion follows from (8.10). O

Remark 8.1. Corollary 8.9 is a generalization of the Corollary 8.8 of [21].

Theorem 8.8. Let m be a Lagrangian submersion admitting horizontal Reeb vec-
tor field from a trans-Sasakian manifold (M, ¢,&,n,g) onto a Riemannian manifold
(N, gn). If dim(kerm,) > 2 and the fibers are totally umbilical, then we have

(8.11) H=-p¢,
where H is the mean curvature tensor field of the fibers.

Proof. By the hypothesis, we may take any two vector fields U and V in kerm, such
that g(U,V) = 0 and ||U|| = 1. Since the fibers are totally umbilical, with (3.9), it
follows that

(8.12) TV =0 .
Using (8.1), the skew symmetry of T and ¢, and (8.12), we have
g(H, V) = g(TyU, V) = —g(pTyV,U) = 0.

Since 7 is a Lagrangian submersion admitting horizontal Reeb vector field, it follows
that H = g(H,£)§. But, using (8.3), we obtain g(H,¢) = g(TyU, &) = —g(TyE,U) =
— 03, which complete the proof. |
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